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The  t r an sm i s s ion  of resonance  r ad i a t i on  e m i t t e d  f rom a source 
of f imte  th ickness  and  pa s s ing  t h rough  an  ex te rna l  resonance 
absorber  is d iscussed The  t r an smi s s ion  in tegra l  is e x a m i n e d  for 
bo th  a l inear  and  a Gauss lan  d i s t r i bu t ion  of r ad ioac t ive  a t o m s  
in t h e  source Severa l  special  cases  are  presen ted ,  and the  
genera l  case  is eva lua t ed  by  numer ica l  i n t eg ra t i on  O v e r  the  

r ange  of va lues  considered,  t he  t r a n s m i t t e d  hne  shape closely 
a p p r o x i m a t e s  a B r e i t - Wigne r  cu rve  whose vnd th  is g r e a t e r  t h a n  
t h e  na tu r a l  w id th  of t h e  t r ans i t i on  This  line broadening ,  
caused b y  resonance absorp t ion  m the  source and in the  ex te rna l  
absorber ,  is p r e sen ted  graphica l ly  as a func t ion  of source and  
absorber  th l ckness  

1. Introduction 

R. L. Mossbauer's discovery that  recoilless emission and absorption of nuclear gamma radiation can 
occur 1) has st imulated a host of recent mvestlgations2). Interest  in this process has grown rapidly because 
the Mossbauer effect allows the direct observation of many phenomena formerly thought unmeasurable. 
A terrestial measurement  of the gravitat ional  red-shift3), a test of the equivalence pnnciple for rotat ing 
systems4), and the observation of the Zeeman splitting of excited nuclear levelsS), are but a few of the 
experiments made possible by the M6sshauer effect. In addition, the effect is findang many applications in 
the measurement of the internal fields in solids. 

When recoilless emission and absorption of gamma radiation occurs, the conditions for nuclear resonan- 
ce fluorescence are inherently satisfied. The numerous applications of the M6ssbauer effect follow from 
the fact that,  in such cases, the very narrow lines resulting from transitions from metastable nuclear levels 
can actual ly be observed" resonance lines with wadths in the range 10 -10 to 10 -5 eV, which correspond 
respectively to gamma transitions from levels whose half-lives vary between 10 -5 and 10 -ao sec, have been 
measured. 

Although experiments involving the Mossbauer effect can be performed with either a transmission or a 
scattering geometry, most of the work done so far has employed the former approachS). A typical trans- 
mission experiment consists of measuring the resonance radiation passing through a resonance absorber, 
as a function of the relative velocity between source and absorber. In this manner, a resonance line shape 
is traced out. Since the great ut i l i ty  of the M6ssbauer effect depends upon the measurement of such lines, 
a consideration of the line shape is of interest. In what follows, we will be concerned with the transmission 
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of resonant gamma radiat ion emit ted  from a source of finite thicknes~s?, and passing through a finite 
resonance absorber. In particular, we will consider two types  of sources, one in which the radioactive 
atoms are distr ibuted uniformly and one which has a GaussIan distribution of emit t ing nuclei. 

2.  G e n e r a l  F o r m u l a t i o n  

In our calculation of the t ransmi t ted  intensity,  
we will assume tha t  a fraction / of all decays 
occur without  recoil energy lossT). The resonance 
radiation resulting from these decays will be taken 
to have an emission and absorption spectrum of 
Brelt-Wigner shape. The remaining fraction of the 
radiation IS non-resonant,  and is sublect  only to or- 
dinary electronic absorption. We will consider a 
source having arbi trary area, and extending in 
depth  from x = 0 to x = oe. The distr ibution of 
emit t ing atoms along the x-axis will be denoted by 

RESONANCE 
ABSORBER SOURCE 

:B-ERAAMY ~ ~ ; ;  

Fig ! Geometry used to cB.Icu]ate the transmlsslon of 7-radla- 
t m n  th rough  a resonance absorber  mov ing  wi th  a veloci ty  v 

re la t ive  to t he  source 

p(x). We will deal only with the radiat ion emit ted  normal to the area of the source, as shown in fig. 1. 
The distr ibution of the absorbing atoms in both  the source and absorber will be taken to be uniform. 

Under  these circumstances, the transmission through a resonance absorber of thickness ta, moving 
with a velocity v relative to the source, is given by 

- - F = c~ /4  
p(--~) = e  " A ' A { ( 1 - - [ ) ; a x o ( x ) e " S " + /  ~f_~odeexp[- - [ 'nnAaAaotA(E__Eo)  2 + 1,2~4] 

In this equat ion, /~ is the full width at half-height of both  the emission and absorption lines which are 
centered about Eo, and a0 is the absorption cross-section at resonance~.  The subscripts S and A identify 
the following source and absorber quanti t ies 

f '  = probabil i ty of resonance absorption without  recoil, 
n = number  of a toms per cubic centimeter  of volume, 
a = fractional abundance of the a toms which can absorb resonantly,  
# = ordinary mass a t tenuat ion coefficient, evaluated at E0. 

The quant i ty  5P = (v/c)Eo characterizes the Doppler shd t  between the source and absorber. 
The first term in (1) represents the transmismon of the non-resonant  fraction of the radiation, and is 

independent  of the Doppler shift .9 °. In the second term, which is the resonant  contribution,  the x-integral 
represents the emission and self-absorption In the source. We will neglect the/~s appearing In the ex- 
ponential  of this integral, since the mass absorption is usually much smaller than  the resonance absorp- 
tion. The remaining factors in the second term represent the absorption in the external  resonance ab- 
sorber. The lower limit on the energy integral has been taken as - -  oo instead of zero for convenience. 

7) W Marsha l l and  J P.  Schlffer, The  Debye-Wal le r  Fac to r  m t t  The  abso rp tmn  cross-section a t  resonance is given by  
t h e M o s s b a u e r  Effect,  A .E  R . E ,  Harwel l  (1960), (unpublished) 

2 I*  + 1 1 The  case of a b e a m  of 7- rad la tmn,  hav ing  a Bre t t -Wigner  a0 ~ 2~;~ z 
ene rgy  spec t rum,  passing th rough  a resonance absorber,  has  2I + I I + 
been considered by  W M Vlsscher in The  Eva lua t ion  of t he  
Transmiss ion Integral ,  Los Alamos Scientific L a b o r a t o r y  (1959) where ~ is t he  wave leng th  of the  7-ray, I* and  l are the  nuclear 
(unpubh~hed) This corresponds, in effect, to the  non-resonant  spins of the  initial and final s tates ,  respectively,  and ~ is the  
absorbing source described in Section 5 conversion coefficient for the  t rans i t ion 
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Equa t ion  (1) can be seen to be independen t  of the sign of the  Doppler  shift  ~ .  Since only relat ive mot ion 
between source and  absorber  is per t inent ,  5:  can be included an the absorber  pa r t  of the tr ,msmisslon 
in tegral  ins tead  of the  source par t ,  if desired. 

Equa t ion  (1) can easily be generalized for the  case when the  emission and  absorpt ion hne~ consist of 
more t han  one componen t  (as when electric or magnet ic  spl i t t ing exists) by  forming appropr ia te  ~um~ 
In  this  paper  we wall l imit  ourselves to the  overlap of a single emission line with a single absorpt ion line, 
each centered about  Eo. For  convenience,  we will t rans la te  the energy axis so t h a t  bo th  hneb are centered 
abou t  E ~ 0 in the  absence of any  Doppler  shif t  ; t ha t  is, (E - -  Eo) will be replaced by  E. 

Sources for Mos.sbauer exper iments  are general ly prepared  an ei ther  of two way>'r 
1. The ac t iv i ty  is e lectroplated or otherwise deposi ted on a source backing.  The ac t iv i ty  is then diffused 

Into the host  lat t ice by  heatlngS). 
2. The ac t iv i ty  and  the  host  a toms  are co-plated on a backing,  the reby  bui lding up a lat t ice conta in ing  

the  radioact ive  a toms as integral  partsg). 
The second method  produces a source in which the emi t t ing  a toms are uniformly d is t r ibuted  in depth.  

The same type  of d is t r ibut ion  results  from the first me thod  if the  backing is very  th in  and  the diffusion 
t ime IS very  long. On the  o ther  hand ,  if e i ther  the  backing is thick or the diffusion t ime is short ,  then the 
first me thod  produces an  ac t iv i ty  d is t r ibut ion  which is approximate ly  Gausslan. Both  types of dis tr ibu-  
t ion will be discussed below. 

3. Uniform Source Distribution 

We first consider a source of thickness Is, hav ing  N radioact ive  a toms per uni t  length 

N a t o m s / c m ,  ts  ~_> x :-  0 

p(x) = 0 x > ts (2) 

Since Nts  is the  to ta l  n u m b e r  of radioact ive  a toms  and  e -u*', represents  the non-resonant  electronic 
absorpt lon In the  externa l  absorber,  we will deal with  a normal ized t ransmission p ( c : )  defined by 

P( ~) = p( ~)/(e-U^tA Nts) (3) 

For  the  d i s t n b u t l o n  given in (2) the  x par t  of the  t ransmission integral  can easily be evaluated,  and  
we find 

-~sts T r /4 
P(5¢)  = (1 - - [ ) [  1 -e#s t s  ] 4- , ~ 2  ~-sl ;2dEexP(l?.2 < [1 -cxp(iE ~ ~-1.2/~/j (4, 

Here, Ts = f ' snsasaols  and  TA = f 'AnAaA~otA are effective source and  absorber  thicknesse% respective- 
ly. The first t e rm m this  equa t ion  is the  non- resonant  transmission,  and  will henceforth be denoted  by  
(1 - - f ) P ( u n l f o r m ) .  As/~sts approaches  zero, this  q u a n t i t y  approaches  (1 - - f ) .  The ~econd te rm in (4), 

n o n  r e s  

conta in ing  an in tegral  over energy, represents  the  resonant  contr ibut ion.  Before discussing the general 
evaluat ion  of the  Integral, we will first consider two special cases. 

3 1 T H I N  S O U R C E  A N D  A B S O R B E R  

When  bo th  source and  absorber  are th in  in the sense t ha t  Ts "< 1, TA < 1, we can expand  both  ex- 
ponent ia ls  m the second te rm of (4) and  keep only lowest-order te rms in effective thlcknes.s. In tegra t ing  
over  energy, we obta in  

? O c c a s m n a l l y  the  t a r g e t  foil, w h m h  has  been  l r r a d m t e d  in a s) R V P o u n d  and  G A Rebka ,  J r  , Phy~ Rev  Let te r~  3 
pile or tn a n  acce l e r a to r  b e a m  to  p r o d u c e  the  demred  r a d m -  (1959) 554 
~sotope, m a y  serve  d i r ec t l y  as  a source  In  such  a case.  t h e  9) S S H a n n a ,  J Heber le ,  C L t t l e j o h n ,  G J Perlow,  
d l s t n b u t m n  of e m i t t i n g  a t o m s  can  be q m t e  complex ,  a n d  will R S P res ton  and  D H Vincent ,  P h y s  Rev  L e t t e r s  4 
no t  be t r e a t e d  here  (1960) 28 
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P ( ~ )  = (1 --/)P(untiorm)aon_res + [ 1 - -  - - /  2 1 + (~/F)  °" (5) 

The bracketed term in this equation represents the transmission when .9 ~, the relative Doppler shift 
between source and absorber, is large. This asymptohc value is less than unity because of the self-absorp- 
tion in the source. The second term represents the dip in the transrmssion due to resonance absorption in 
the external absorber. I t  is seen that  the t ransmit ted line, in the case of thin source and absorber, has a 
Breit-Wigner shape, but  has an apparent width Fa which is twice that  of either the emissmn or absorption 
spectrum. This broademng results from the overlap of the emission and absorption hnes. 

3 2. T H I N  SOURCE - T R A N S M I S S I O N  AT Z E R O  D O P P L E R  S H I F T  

When the effective source thickness Ts approaches zero (as, for example, in a source which has ht t le  
resonance absorption because as ~ 0), the transmission at zero Doppler shift can be found in terms of TA, 
the effective absorber thickness. Expanding the term containing Ts in (4:) and keeping only the lowest- 
order term leads to 

P(0 )  m (1 - - / ) P ( u m f o r m )  + [e  -½ra Jo ({ zT . ) ,  T s - ÷ 0 ,  (6) 
non-res 

where .To is the Bessel function of zero order. Because of the nature of resonance absorption, the resonant 
contribution to the transmission does not decrease exponentially with absorber thickness, but  instead, 
shows a saturatmn behawor.  

3 3 U N I F O R M  SOURCE - G E N E R A L  CASE 

Attempts  to evaluate (4) analytically for arbitrary source and absorber thicknesses have been un- 
successful. Consequently, we have performed a numerical integration on the Universi ty of Illinois digital 
computer  ILLIAC tor values of Ts and TA between zero and ten. I t  has been found empincaUy that  over 
this range the t ransmit ted line is, to a very good degree ot approximation, a Breit-Wigner curve whose full 
width at half-height Fa, depends upon the value of Ts and TA. The general vanat ion  of transmission with 
Doppler shift ~ is shown in fig. 2. The results of our numerical integration, in the form of the vanat ion  of 
FdF as a function of TA with Ts as parameter,  are shown in fig. 3. Note that  as Ts and TA both approach 
zero, FdF approaches the value two, since the conditions described in section 3.1 are applicable. 

4. Gaussian Source Distribution 

For  the case of a Gaussian distribution of radioachve atoms, we will use 

p(x) = (2N/V '~  e -x'lts' a t o m s / c r a ,  x ~ 0 (7) 

Here ts represents a characteristic diffusion depth whose value depends upon the details of the source 
preparation. The above distribution is normalized so that  Nts once again represents the total  number of 
radioactive atoms. 

Substi tution of this Gaussian distribution into (1) leads to the following expression, which is normalized 
in the sense defined by (3) : 

1" dE ( -  T^I"I4 
P(s,) = (l - - / )  ~ s ~ ' [  : - -  ~(~sts/2)] + 1 ~ f _ ~  ~E + ~,)2 + r2/4 ~xp ~-~-CEC4/ 

TsP2/4 e x p  F2/4 ~ (8) 
× 1 - - ~  2 [ ( E + ~ ) 2 ~ F 2 / 4 ]  2 [ ( E + ~ ' ) 2  + ' 

where ¢~ represents the error function, 

¢(y) = ( 2 / ~ )  IYe - "  d u .  
J 0  
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RESONANCE ARSORBE R 
AT A DOPPLER SHIFT J 
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RESOI ANT SOURCE 

/ 
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- -  RELATIVE DOPPLER SHIFT ~ = ~ E  O + 

Fi g  2 Normalized t ransmiss ion of F-radia tmn th rough  a 
resonance absorber as a funct ion  of the  re la t ive  Doppler  shif t  
be tween source and absorber The apparen t  full  wid th  a t  half- 

he igh t  of the  t r a n s m i t t e d  l ine is denoted b y / ' a  

Fig.  3 Broadening of t he  t r a n s m i t t e d  line for a source hav ing  a 
uniform d i s t r i bu t ion  of e m i t t i n g  a toms.  

0 I 2 3 4 

SOURCE DISTRIBUTION 

p(x)  : { ~  . . . . . . . . . . . . . . . ,  x > ' .  

f I I I I 
5 S 7 S 9 IO 

EFFECTrVE ARSORRER THICKNESS r A =f~nAe/#o~ A 

F i g  3 

The first term In  (8) corresponds to the transmission of the non-resonant fraction of the radiation, and 
will be denoted by (1 --f)P(Gaussian). Again, as/~sts approaches zero, the non-resonant contribution 

non-l~s 

approaches (1 - - f ) .  The resonant contribution to the transrmsslon is contained in the second term of (8). 
Before discussing the general evaluation of this equation, we will consider two special cases. 

4 1. T H I N  S O U R C E  AND A B S O R B E R  

If both source and absorber effective thicknesses satisfy the conditions Ts << l, TA << 1, we can expand 
the exponentials and the error function in the second term of (8), and keep Duly first-order terms in 
thickness. After  integrating over  energy, one obtains 

P(,~) = (1--/)P(Gausslan)~n r~ + f  1 -  Ts - - f  2 1 + (,9"/F)*" (9) 

In  this equation the bracketed term represents the asymptotic transmission as 5 a ~  ~ ,  and differs from 
uni ty  because of self-absorption in the source. The second term results from resonance absorption in the 
external  absorber. The t ransmit ted line shape has the Breit-Wigner form, but  is twice as wide as either 
the emission or the absorption hne. Note that  (9) differs from (5) only m that  the Ganssian source results 
in more self-absorption than the uniform source. This conclusion follows from the choice of normalization 
for the Gaussian distribution and is subject to the thin source approximation used to derive both equations. 

4 2. T H I N  S O U R C E  - T R A N S M I S S I O N  AT Z E R O  D O P P L E R  S H I F T  

Expansion of the appropriate terms to lowest order when Ts -~ 0 allows (8) to be evaluated at the point 
• ~ = 0. Since both the Ganssian distribution of (7) and the uniform distribution described by (2) are 
normalized in the same way, it is not surprising that  (6) once again follows for this special case, but  with 
P(uniform) replaced by P(Gaussian). 

non-re~, non-res. 
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Fig 4 Broadening of the transmitted h n e  for a source having 
a Gausslan distribution of emitting atoms 

4 3 GAUSSIAN SOURCE - GENERAL CASE 

Equa t ion  (8), represent ing the t ransmission from 
a source which hag a Gaussian dis t r ibut ion of radio- 
active atoms, could not  be eva lua ted  analyt ical ly  
for a rb i t ra ry  values of Ts and  TA. Again, we have  
performed a numerical  in tegra t ion  on ILLIAC for 
the  range 10 _- (Ts ,  TA)  -- O. As In the  uniform case, 
i t  has been found empimcally t h a t  the  result ing 
t r ansmi t t ed  lines differ bu t  h t t l e  from Brei t -Wlgner  
curves whose full wldth~ at half-height  va ry  with 
source and  absorber  thacknesseq (see lag. 2). The 
calculated broadening  of the  t r ansmi t t ed  hne  as a 
funct ion of 7"s and  TA IS shown In fig. 4. As T s  and  
TA approach zero, the condi tmns of section 4.1 
apply, and  F a / F  approaches  the value two 

5.  N o n - R e s o n a n t  A b s o r b i n g  S o u r c e s  

As has been shown, the width of the t ransmission 
curve obtained from a resonant ly  absorbing source 
of finite thickness ~s always greater  t han  twice the 
na tu ra l  w~dth of the t ransi t ion.  The way to obta in  
the  narrowest  lines wi th  any  given radmlsotope is 
to use a source backing  whmh has  zero abundance  
of a toms t h a t  can absorb resonantly.  In  this  way, 
only the  externa l  resonance absorber  cont r ibu tes  

to the line broadening.  W h e n  this  IS the case, the  ord inary  electronic absorpt ion,  neglected so far tor 
the  resonant  fract ion of the  radiat ion,  mus t  be considered. The t ransmission under  these c i rcumstances  
is given by  

r f® a. 0(*/e -"~ p(~ )  = e -va'A { ( 1 - - t ) ~  dxp(x) e-VS'+/2~d_~o d E e x p (  --TAN2/4 "~ x ~ F2/4 } (10) 
\(E--E0)2+ 1"214] (E--  Eo) + ,~)2 + 

The x-integral  is the  same in bo th  the  non-resonant  and  the  resonant  te rms ot this  equat ion,  and  can be 
eva lua ted  for the  uniform dxstnbut lon of (2) and  the  Gaussaan d is t r ibut ion  of (7). The transmission,  
normal ized according to (3), is found to be 

1 - -  eUStS] ] 

P(~)  = [ (1 - -  [) + ]I(~) ] [ [ ~ - s t s  I 

t 
uniform source (11) 

[(1 - - / )  + [I(~)]P(un,:orm) 

and  

P(,.~) = [ ( 1 - -  1) + ]I(s~) ] [ e q"stsl' (1 - -  q~(usts/2)) ] / Gausslan source (I 2) 
= [(! t) + If(s a) ] p(~aUs~,an ) J 

where 
P dE / -TAF2¢4 \ 

I ( ~ )  = ~ I ~  ~ (E + sa)2 + / 'a /4 exp k ~ ' p ~ 2 / 4  ) (13) 

In  e i ther  case, the shape of the  t r an s m i t t ed  line is the  same, only the  ampl i tude  being affected by  t h e  

electronic absorpt ion.  This  behavior  follows from the  fact t ha t  the  ord inary  mass a t t enua t ion  coefficients 
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are energy independent over  the width of the emission and absorption lines. The shape of the t ransmit ted 
line is determined by the energy integral of (13). Since this integral corresponds to the Ts ~- 0 case for 
either a uniform or a Gaussian source it  has, In effect, already been considered. In  the results presented 
below, it should be remembered that  I (5 a) must  be substi tuted into either (11) or (12) to obtain the trans- 
mission, P(5~). 

When the resonance absorber satisfies the condition TA << 1, the integral of (13) reduces to 

TA 1 
s(.~)  = 1 2 1 + ( . ~ l r ) ~  ' (14) 

again representing a Brelt-Wigner curve whose width at half-height is 2I'. 
For arbitrary values of TA, the transmission also approximates a Breit-Wlgner curve, but  the apparent 

width Fa vanes  with the absorber thickness in the manner described by the Ts = 0 curve in either fig. 3 
or fig. 4. 

When there exists no Doppler shift between source and absorber, the energy integral of (13) can he 
evaluated 

1(0) = e -½rA Jo(~rM2). (15) 

In section 3.2 and 4.2, where very thin sources were considered, the evaluation of the energy integral 
led to the approximation given in (6). In the case of a non-resonantly absorbing source, no approximations 
are needed, and the result of (15) is exact. Since I(oo) = 1, we can combine (15) with either (11) or (12) 
to get the useful result 

-½TA 
P(03)  - -  P(O) f [ 1 - -  e Jo( iTA/2)  ] (16) 

P(oo) 

Noteaddedznproo/ Equa t ion  (16), f i r x t a p p h e d t o t h e  ana lysmof  3) val id for source and absorber  half-wldths equal  to F,  the  
M6ssbauer expe r imen t s  b y t h e  Los Alamos group, is of ten  be ing  na tu ra l  wid th  of t he  t rans i t ion  I t  is still correct  tf theseqwidths 
used when  i t  m not  apphcab le  I t  mus t  be r e m e m b e r e d  t h a t  (16) is 

1) exac t  only for non-resonant ly  absorbing sources,  i t  m a 
good approx ima t ion  for sources where  T S << 1, 

2) der ived  on t he  a s sumpt ion  t h a t  t he  emmslon and absorp-  
t ion hnes  over lap  exac t ly  a t  zero re la t ive  veloci ty  be tween  
source and  absorber  If, as  is of ten t he  case, the re  exmts  an  
ene rgy  shif t  be tween  emission and  absorpt ion spectra ,  P(0) 
mus t  be replaced b y  P(~0) ,  where  $P0 is the  Doppler  shift  re-  
q m r e d  to produce  coincidence,  

axe not  t he  na tura l  width ,  provided t h a t  t h e y  axe equal  
FS = / 'A In  this  case, however ,  t he  m a x i m u m  absorpt ion 
cross-sectlonff 0 mus t  be mul t lphed  by t he  f a c t o r / I / / '  S to keep 
t he  to ta l  absorpt ion cons tan t  

We  wish to emphasme t h a t  (16) can  be used to ex t r ac t  / and  
/ '  f rom absorpt ion measu remen t s  only if t he  conditions assumed  
in t he  der iva t ion  axe a t  least  app rox ima te ly  satisfied 
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